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ABSTRACT. In this paper we obtain a modified version of the classical theorem of Pontr-
jagin and Schnirelmann concerning the covering dimension of a compact metric space and
the box-counting dimensions associated with the metrics on the space. T. Miyata and T.
Watanabe defined box-counting dimension for approximate sequences X which represent
compact metric spaces X as approximate resolutions p : X — X. We show that the
covering dimension equals the infimum of the box-counting dimensions associated with

the approximate resolutions of the space.

1. INTRODUCTION
Let us recall the classical theorem of L. Pontrjagin and L. Schnirelmann [8]:
Theorem. For any compact metric space X,

(1.1) dim X = inf {lim %8 0 (X)

d is a metric on X},
——0 —loge

where N q(X) = min{|U| : U is a finite open covering of X with mesh < e}.

log N.4(X
Here |U| denotes the cardinality of U. Note here that li_mog—’d()
—o —loge

is the lower
box-counting dimension of the metric space (X, d).

T. Miyata and T. Watanabe [4, 5, 6] introduced a systematic approach using approxi-
mate sequences to study fractal dimensions . The notion of approximate system was first
introduced by S. Mardesi¢ and L. Rubin [2]. In order to study the properties of topologi-
cal spaces, one expands the space X into approximate systems X and investigates X. T.
Miyata and T. Watanabe used the expansions into approximate sequences, called approx-
imate resolutions, to obtain metrics on X and box-counting dimensions of X. So, in view

of Pontrjagin and Schnirelmann theorem, a natual question rises: do the box-counting
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dimensions associated with approximate resolutions suffice to get the covering dimension
of X7

In [5], it is shown that for each r € Rso U {00} there exist a Cantor set X and a
normal approximate resolution p = (p;) : X — X = (X;,U;, pii+1) of X such that the
box-counting dimension of p equals . In view of Pontrjagin-Schnirelmann theorem, for
Cantor sets X, we observe that the covering dimension dim X of X is obtained as the
infimum of the box-counting dimensions over all normal approximate resolutions of X.
Thus the question is: for any compact metric space X, does an equality hold between the
covering dimension dim X of X and the infimum of the box-counting dimensions over all
normal approximate resolutions of X7

In this paper we give a positive answer to this question. More precisely, the following

is our main theorem:

Theorem. For any compact metric space X,

1 (X
dimX:inf{h_mM
1

1—00

. p: X — X is a normal approzimate resolution of X}.

Here for any approximate sequence X = (X;,U;, pii+1), Bi(X) is defined as

Gi(X) = MNP;;UZ, (X;) for each i € N,

j—00
is the lower box-counting dimension of p : X — X.

2. APPROXIMATE RESOLUTIONS

In this section we recall the definition and properties of approximate resolutions which
will be needed in later sections. For more details, the reader is referred to [3, 9].

Throughout the paper, a map means a continuous map. Let N denote the usual ordered
set of all natural numbers. For any space X, let Cov(X) denote the set of all open
coverings of X. For U,V € Cov(X), U is said to refine V, or U refines V, in notation,
U <V, provided for each U € U there is V € V such that U C V. For any subset A of
X and U € Cov(X), let st(A,U)={U eU:UNA#D}andU[A={UNA:UeU}.
If A= {z}, we write st(z,U) for st({z},U). For each U € Cov(X), let stU = {st(U,U) :
U € U}. For any metric space (X,d) and r > 0, let Ug(z,r) = {y € X : d(x,y) < r}.
For any subset A of X, let diamg(A) denote the diameter of A with respect to the metric
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d. For any U € Cov(X), two points x,z’ € X are U-near, denoted (z,z") < U, provided
z,x’ € U for some U € U. For any V € Cov(Y), two maps f,g: X — Y between spaces
are V-near, denoted (f,g) < V, provided (f(z),g(z)) < V for each x € X. For each
U e Cov(X)and V € Cov(Y), let fU ={f(U):U €U} and f~'V={f1V):V eV}

An inverse sequence (X;,p;;+1) consists of spaces X;, called coordinate spaces, and
maps piit+1 : Xip1 — X, ¢© € N. We write p;; for the composite p;it1pitr1,i42 - Dj—1,5
for i« < j, and let p; = lx,, and call the maps p;; bonding maps. An approzimate
inverse sequence (approzimate sequence, in short) X = (X, U;, p; i4+1) consists of an inverse

sequence (X, p;i+1) and U; € Cov(X;), ¢ € N, and must satisfy the following condition:

(AI) For each i € N and U € Cov(X;), there exists ip > i such that Uy < p,/U for
i > 19.

An approximate map p = (p;) : X — X of a compact metric space X into an approximate

sequence X = (X;,U;, p;i+1) consists of maps p; : X — X, for i € N, called projection

maps, such that p; = p;;p; for i < j, and it is an approzimate resolution of X if it satisfies

the following two conditions:

(R1) For each ANR P,V € Cov(P) and map f: X — P, there exist i € N and a map
g : X; — P such that (gp;, f) <V, and

(R2) For each ANR P and V € Cov(P), there exists V' € Cov(P) such that whenever
i € Nand g,¢ : X; — P are maps with (gp;, ¢'p;) < V', then (gpii, ¢'pir) <V for

some 7' > 1.

The following is a useful characterization of approximate resolutions:

Theorem 2.1. ([3, Theorem 2.8]) An approzimate mapp = (p;) : X — X = (X;, U, piiv1)

s an approximate resolution of X if and only if it satisfies the following two conditions:

(B1) For each U € Cov(X), there exists ig € N such that p; 'U; <U for i > iy, and
(B2) For each i € N and U € Cov(X;), there exists ig > i such that p;(Xy) C
st(pi(X),U) fori' > iy.

An approximate resolution p = (p;) : X — X = (X;,U;, piiy1) is said to be normal if

the family {p; 't} is a normal sequence on X, i.e., st p;jluiﬂ <p;'U;.
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Theorem 2.2. ([6, Theorem 2.4]) Every compact metric space X admits a normal ap-
prozimate resolution p = (p;) : X — X = (X;,U;, piit1) such that all coordinate spaces
X, are finite polyhedra.

Throughout the paper, every normal approrimate resolution is assumed to have the

property of Theorem 2.2.

Remark 2.3. The notion of approximate system was first introduced by S. Mardesi¢ and
L. Rubin [2] in a more general setting. Instead of requiring commutativity p;;pjr = pir for
1 < j < k, it requires only approximate commutativity. The notion of approximate map
in [2] also requires only approximate commutativity instead of requiring commutativity
pijp; = p; for i < j. S. Mardesi¢ and T. Watanabe [3, 9] extensively studied the approxi-
mate resolutions in the most general setting. Although the general setting is required to
study various properties of topological spaces, it suffices to use a simpler setting in our

case since our primary concern is the class of compact metic spaces.

3. METRICS INDUCED BY APPROXIMATE RESOLUTIONS

A family U = {U; : © € N} of open coverings on a space X is said to be a normal
sequence on X provided stU;, 1 < U; for each ¢. In this section, we recall the construction
of the metrics induced by approximate resolutions from [4].

Let U = {U; : i € N} be any normal sequence on a space X with the following property:
(B) For each x € X, {st(x,U;) : i € N} is a base at z.

Following the approach by P. Alexandroff and P. Urysohn [1] (see also [7]), we define

the metric dy on X as follows:
dy(z,2") = inf{Dy(x, 1) + Dy(x1,22) + - - - + Dy(xn, ')}
where the infimum is taken over all points zy, x5, ..., z, in X, and

9 i (y,2) £ U

Dy(y, z) = i if (y,2) <U; but (y,2) £ Uit1 ;

0 if(y,z) <U;forallieN.

Proposition 3.1. ([4, Proposition 3.1]) The metric dy has the property

1
(3.1) st(z,Ui3) C Uqy(x, §) C st(z,U;) for each v € X and i € N.
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In particular, if B = {B; : i € N} is the normal sequence on a metric space (X, d) such
that B; = {Uq(z, 3) : @ € X}, then the metric dg induces a uniformity which is equivalent
to that induced by the metric d. Moreover, it is proven in [4, Proposition 3.7] that if X is
a convex subset of a normed linear space, and if X is equipped with the metric d which
is induced by the norm, then there is a constant ¢ > 0 such that dy(z,2") = c¢d(x,2’) for
some z,r’ € X.

Throughout the rest of the paper, every normal sequence is assumed to have property
(B).

Let p: X — X = (X;,U;, p;i+1) be any normal approximate resolution of X. Then for
any z, 2’ € X, we define the function D, : X x X — Ry by

9 if (pi(x),pi(a")) £ U; for any i;
Dp(z,2) = ¢ st if (pi(2), pi(a)) < Ui but (pi(x), pi(2)) # Uisa ;
0 if (pi(x),pi(2')) < U; for all 7 ,

and the function dp : X x X — R by
dp(z,2") = inf{Dp(z, x1) + Dp(x1,22) + - - - + Dp(xn, ')}

where the infimum is taken over all finitely many points z1, x», ..., x,, of X. Then property
(B1) implies that the normal sequence {p; 'U;} has property (B), and the function d,, is
a metric on X. Indeed, d,(x,2") = dy(z,z’) for any x,2’ € X, wehre U = {p; 'U;}.

4. MAIN RESULT

In this section we prove the main theorem of the paper and some consequences of the
result.

For any covering U of a compact metric space X, let Ny(X) =min{n: X CU;U---U
Un, Uy € U}.

Lemma 4.1. Let p = (p;) : X — X = (X;, Ui, piit1) be an approzimate resolution of X.
Then we have the following properties:
(a) For every i € N there exists ig > i such that Np;ui (X;) < Np;lui(X) for j > 1ig.
(b) Np;lui(X) < Np;jlui(Xj) Jori <.

Proof. (a) is proven in [5, Proposition 5.1]. For (b), let i < j, and suppose n = N, (X).
ig v
Then there exist Uy,...,U, € U, such that X; = pi_jl(Ul) U--- Upi_jl(Un). So, X =
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pj’lpi_jl(Ul) U---u pj_lp;jl(Un). Since pijp; = pi, X = p; *(Uy) U---Up; Y (U,). Thus
N,=1,,(X) < n, as required. O

For any approximate sequence X = (X;,U;, pii+1), B:(X) is defined as

Gi(X) = j@]\fp;jlui (X;) for each i € N.
1 (X
Then the lower box-counting dimension dimz(p) of p : X — X is defined as lim M
1—00 ?

5].

Theorem 4.2. For any compact metric space X,

dim X = inf{li_m%
i

1—00

. p: X — X is a normal approzimate resolution of X},

Proof. 1t suffices to show

log N 4(X . .
inf{limog—’d() . d is a metric on X'}
4.1 e—0 — log 15
(4.1) log 0:(X)
= inf{lim ————= : p: X — X is a normal approximate resolution of X'}
1—00 1

First, let p = (p;) : X — X = (X;,U;,pii+1) be a normal approximate resolution
of X. Consider the normal sequence U = {p; '%4;}. By Lemma 4.1, for each i € N,
Gi(X) = MNpi_le/{i (X;) = Np;lui(X)- So,

J—0

(4.2) li 2082 4%

1—00 1 1—00 ?

logs Npi—lui (X)

Consider the metric dp induced by the approximate resolution p. Let ¢ > 3, and
suppose that X C p; H(U;)U---Up; 1 (U,) for some Uy, ..., U, € U;. Then by Proposition
3.1, for each j = 1,...,n, if z € Uy, p;'(U;) C st(z,p; ' U;) € Uj = Uq,(z, 575). But
diamg, (U}) < 325 < 3=, and hence Np;lui(X) > Ny%g,dm(X)' This implies

log, Npi—lui(X) - log N B
i - —log 5 —log 545 + log 3%

Loap(X) log N1 g (X)

3t

and hence
log N1 4 (X)
3% P

lim > lim

1—00 1 o 1—00 — 108 %
The right hand side of the inequality equals hml—’p. This together with (4.2)
e—0 —loge

implies the inequality ” <" in (4.1).
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To show the reverse inequality in (4.1), let d be a metric on X. Let U be a finite open
covering of X with mesh < . Consider the normal sequence B = {B;} consisting of the
open coverings B; = {Uq(x, 3i) cxeXh X CU U---UU, for some Uy,...,U, €U,
then X C By U---U B, for some By,..., B, € B,. So, N%,d(X) > Np,(X). This implies

) h_mlog N;i,diX ) . h_mlogg ]\ZT.BZ.(X)‘
im0 g - —

There is an isometrical embedding of X into a normed linear space L. Consider X as
a closed subset of its convex hull K. For each ¢ € N there is an isomorphic extension
u = {U,} of B; = {B,} over some neighborhood of X in K so that U, is contained
in the %—neighborhood of B,. Choose a sequence of compact polyhedral neighborhoods
X; of X such that X;;; C X; and X; C U U/. For each i € N, let U; = U!|X;, and let
Dii+1 : Xit1 — X; be the inclusion map.

We show that X = (X;,U;, p;i+1) is an approximate sequence. To see this, we must
verify property (AI). Let ¢ € N, and let & be an open covering of X;. Without loss of
generality, we can assume that U/ is a finite open covering. Let £ > 0 be a Lebesgue number
for Y. Choose ig > i so that % < £. So, 3%0 < 5. Then we have U; < p;jll/l = U|X; for
J > ip. Indeed, if U € U, then U is contained in the %—neighborhood of some B € B;, so
diamg(U) < 3% + % < €. Since ¢ is a Lebesgue number of ¢/, U is contained in some open
set from U.

For each i € N, let p; : X — X, be the inclusion map. Then p = (p;) : X — X is a
normal approximate resolution of X. To see this, it is enough to verify properties (B1)
and (B2) in Theorem 2.1. Indeed, we can verify property (B1l) in the same way as for
property (Al), and property (B2) immediately follows from the definition of X;. That the
approximate resolution is normal follows from the fact that B is a normal sequence.

Moreover, there is iy € N such that Np,(X) = N -1, (X) = B;(X) for i > iy by Lemma
4.1, and hence

This together with (4.3) implies the inequality ”>" in (4.1). This completes the proof of
the theorem. O
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Remark 4.3. In a similar way, using [5, Proposition 5.1] instead of Lemma 4.1, we can
see that Theorem 4.2 still holds if we replace our notion of approximate resolution by that

in the sense of [3], i.e., the almost commutative version of approximate resolution.
By the first part of the proof of Theorem 4.2 we have

Corollary 4.4. For any compact metric space X,

. . . IOg Ne,dp (X) . . .
dim X = 1nf{hm1— : p: X — X is a normal approzimate resolution of X}.
e—0 —loge

By the second part and an easy modification of the first part of the proof of Theorem

4.2 we have

Corollary 4.5. For any compact metric space X,

dim X = jnf{h_mM
3

1—00

: U= {U;} is a normal sequence on X}.

For any compact metric spaces X and Y with normal sequences U and V| respectively,

amap f: X — Y isa (U, V)-Lipschitz map provided there is a constant ¢ > 0 such that

dv(f(2), f(y)) < cdy(z,y) for z,y € X.

The (U, V)-Lipschitz maps are characterized by a property of the normal sequeces U and
V.

Theorem 4.6. ([4, Theorem 5.2]) Let X and Y be compact metric spaces with normal
sequences U = {U;} and V = {V;}, respectively, and let f : X — Y be a map. For
m € NU{0} consider the following conditions:

(L)m: dv(f(z), f(z') < 3™ dy(z,2’) for z,2" € X,
M),z Vien < f71V; fori € N.
Then the following implications hold:
(@) (M)m = (L)m,
(b) (L)m = (M) 14

As a consequence of Corollary 4.5 there is a result relating (U, V)-Lipschitz maps to

the covering dimension.

Corollary 4.7. For any surjective map f : X — Y between compact metric spaces,
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(a) if every normal sequence U = {U;} on X admits a normal sequence V.= {V;} on
Y with property (M), for some m € NU {0}, then dim X > dimY.
(b) if every normal sequence U = {U;} on X admits a normal sequence V.= {V;} on

Y such that there is k € N with U; < =V, fori € N, then dim X > kdim Y.

Proof. The two assertions follow from Corollary 4.5 and the facts that

1 - 1

for (a) and that

log Niu(X) _ log Ny (X)
l - ki
for (b). O

-k
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